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$b\in R,$ $a>0,$ $\xi_{0}\in R$
$(T_{b}f)(t):=f(t-b)$ , Translation (1.1)
$(D_{a}f)(t):= \frac{1}{\sqrt{a}}f(\frac{t}{a})$ , Dilation (1.2)




$f\in L^{2}(R)$ $\psi\in L^{2}(R)$






2.1 $f\in L^{2}(R),$ $f\neq 0,$ $tf\in L^{2}(R)$
$c[f]:= \frac{1}{\Vert f\Vert^{2}}\int_{R}t|f(t)|^{2}dt$ , (2.1)
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$\triangle_{m}[f]:=\sqrt{\frac{1}{\Vert f\Vert^{2}}\int_{R}|t-m|^{2}|f(t)|^{2}dt}$ (2.2)
$c[f]$ $f$ $\triangle_{m}[f]$ $f$ $m$ (radius) $2\triangle_{m}[f]$
(width) $\triangle_{m}[f]$ $m=c[f]$
$\triangle[f] :=\min_{m}A_{m}[f]=\triangle_{c[f]}[f]$ (2.3)
$f$ $p(t)= \frac{|f(t)|^{2}}{\Vert f||^{2}}$ $\int_{R}p(x)dx=1$
$c[f]$ $\triangle[f]$
$\hat{f}\ovalbox{\tt\small REJECT}$
$c[ \hat{f]}:=\frac{1}{\Vert f\uparrow 1^{2}}\int_{R}\xi|\hat{f}(\xi)|^{2}d\xi$ , (2.4)
$\triangle_{\mu}[\hat{f]}:=\sqrt{\frac{1}{\Vert f\uparrow|^{2}}\int_{R}|\xi-\mu|^{2}|\hat{f}(\xi)|^{2}d\xi}$ , (2.5)
$\triangle[f]:=\min_{\mu}\triangle_{\mu}[\hat{f]}=\Delta_{\mathcal{C}[\hat{f}J}[f]$ (2.6)
$\triangle_{m}[f]$ $\infty$ $f\in L^{2}(R),$ $f\neq 0$ ( $c[f]$ )
$\triangle[f]$
$\triangle[\hat{f]}$
2.2 $\ovalbox{\tt\small REJECT} W:=\{f\in L^{2}(R)|f\neq 0, tf\in L^{2}(R), \xi\hat{f}\in L^{2}(R)\}.$
$f\in$ $F$ $f\in L^{1}(R)\cap B_{0}^{0}(R)$ $B_{0}^{0}(R)$ $:=\{f\in C^{0}(R)|f(t)arrow$




$=$ $f(t)=Ae^{i\mu t}e^{-(t-m)^{2}/(2\sigma^{2})}(A, \mu, m, \sigma\in R, \sigma>0)$
$f\in L^{2}(R),$ $f\neq 0$ $m,$ $\mu\in R$
$\triangle_{m}[f]\triangle_{\mu}[\hat{f]}\geq\frac{1}{2}$ . (2.8)
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$\infty\cross\infty=\infty\cross k=\infty (k>0)$ (2.9)







$c[T_{b}f]=c[f]+b, c[D_{a}f]=ac[f], c[M_{\xi 0}f]=c[f]$ , (2.10)
$\triangle[T_{b}f]=\triangle[f], \triangle[D_{a}f]=a\triangle[f], \triangle[M_{\xi_{0}}f]=\triangle[f]$ , (2.11)
$c[ \hat{T_{b}f}]=c[\hat{f]}, c[\hat{D_{a}f}]=\frac{1}{a}c[\hat{f]}, c[\overline{M_{\xi_{0}}f}]=c[\hat{f]}+\xi_{0}$, (2.12)
$\triangle[\hat{T_{b}f}]=\triangle[\hat{f]}, \triangle[\hat{D_{a}f}]=\frac{1}{a}\triangle[\hat{f]}, \triangle[\overline{M_{\xi_{0}}f}]=\triangle[\hat{f]}$ . (2.13)
3
3.1












1: $f(t)=e^{-t^{2}/2}\cos\xi_{0}t$ ( ), $|\hat{f}(\xi)|$ ( )




2: $c^{+}[\hat{f]}$ ( ), $\triangle^{+}[\hat{f]}$ ( ), $\triangle[\hat{f]}$ ( ).
$(f(t)=e^{-t^{2}/2}\cos\xi_{0}t)$ .
3.1 $f\in L^{2}(R)\backslash \{O\}$ $\xi\hat{f}\in L^{2}(R)$
$c^{+}[ \hat{f]}:=\frac{\int_{0}^{\infty}\xi|\hat{f}(\xi)|^{2}d\xi}{\int_{0}^{\infty}|\hat{f}(\xi)|^{2}d\xi}$ , (3.1)
$\triangle_{\mu}^{+}[f]:=\sqrt{\frac{\int_{0}^{\infty}|\xi-\mu|^{2}|\hat{f}(\xi)|^{2}d\xi}{\int_{0}^{\infty}|\hat{f}(\xi)|^{2}d\xi}}$, (3.2)
$\triangle^{+}[f]:=\triangle_{c^{+}[\hat{f]}}^{+}[f]$ (3.3)





$2\triangle^{+}[\hat{f]}$ $\hat{f}$ (one-sided width)








$m\in R,$ $\mu\in R$
$\Delta_{m}[f|\triangle_{\mu}^{+}[\hat{f]}>\frac{1}{2}$
$=$
$f\in WF$ $\hat{f}$ $\hat{f}(0)$
$\hat{f}(0)\neq 0$ $f$ (3.4)
Hilbert-Rothe$[HiRo71]$ ( )
3.3
$c_{0} := inf\triangle[f]\triangle^{+}[\hat{f]}$ (3.6)
$f\in l0F$ ,
$c_{0}>0$ . (3.7)
$c_{0}$ $[0, \infty)$ 2
$y”=\lambda x(x-2)y, y’(O)=0, y(\infty)=0$ (3.8)
$\lambda_{0}(4.3482)$ $c_{0}= \frac{\sqrt{\lambda_{0}}}{2}(4.2951)$
$f$




$\xi\geq 0$ $\xi$ “ ”
$c^{+},$ $\triangle^{+}$
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3.4 $f\in L^{2}(R)$ $\xi\hat{f}\in L^{2}(R)$
$c^{+}[ \hat{f]}:=\frac{1}{\Vert f\uparrow|^{2}}\int_{0}^{\infty}\xi(|\hat{f}(\xi)|^{2}+|\hat{f}(-\xi)|^{2})d\xi$ (3.9)
$= \frac{1}{\Vert f\uparrow 1^{2}}\int_{R}|\xi||\hat{f}(\xi)|^{2}d\xi$ , (3.10)
$\triangle_{\mu}^{+}[\hat{f]}:=\sqrt{\frac{1}{\Vert f\uparrow|^{2}}\int_{0}^{\infty}(\xi-\mu)^{2}(|\hat{f}(\xi)|^{2}+|\hat{f}(-\xi)|^{2})d\xi}$ (3.11)
$=\sqrt{\frac{1}{\Vert f\uparrow|^{2}}\int_{R}(|\xi|-\mu)^{2}|\hat{f}(\xi)|^{2}d\xi} (\mu>0)$ , (3.12)
$\triangle^{+}[f]:=\triangle_{c^{+}[\hat{f}]}^{+}[f]$ (3.13)
$=\sqrt{\frac{1}{\Vert f\uparrow|^{2}}\int_{R}\xi^{2}|\hat{f}(\xi)|^{2}d\xi-c^{+}[\hat{f]}^{2}}$. (3.14)
$\Vert f\uparrow|^{2}=\int_{R}|\hat{f}(\xi)|^{2}d\xi=\int_{0}^{\infty}(|\hat{f}(\xi)|^{2}+\hat{f}(-\xi)|^{2})d\xi(=2\pi\Vert f\Vert^{2})$ (3.15)
$c^{+}[\hat{f]},$ $\triangle^{+}[\hat{f]}$ $[0, \infty)$
$p_{\hat{f}}^{+}(\xi)$
$:= \frac{|\hat{f}(\xi)|^{2}+|\hat{f}(-\xi)|^{2}}{||\hat{f}||^{2}}$
$|\hat{f}(-\xi)|=|\hat{f}(\xi)|$ ( $f$ $(\hat{f}(-\xi)=\overline{\hat{f}(\xi)})$ )
3. $5$ $w(t)=e^{-t^{2}/(2\sigma^{2})}e^{i\xi_{0}t}(\xi_{0}\in R)$ $\Vert w\Vert^{2}=\sqrt{\pi}\sigma,$ $c[w]=0,$ $\triangle[w]=\frac{\sigma}{\sqrt{2}}.$
$\hat{w}(\xi)=\sqrt{2\pi}\sigma e^{-\sigma^{2}(\xi-\xi_{0})^{2}/2}$ ( 3), $\Vert\hat{w}\Vert^{2}=2\pi^{3/2}\sigma,$ $c[\hat{w}]=\xi_{0},$
$c^{+}[ \hat{w}]=\frac{1}{\sqrt{\pi}\sigma}[\sqrt{\pi}\sigma\xi_{0}$Erf$(\sigma\xi_{0})+e^{-\sigma^{2}\xi_{0}^{2}}]=\xi_{0}$Erf$( \sigma\xi_{0})+\frac{1}{\sqrt{\pi}\sigma}e^{-\sigma^{2}\xi_{0}^{2}}$ (3.16)
$=|\xi_{0}|-|\xi_{0}|\{1-$ Erf$( \sigma|\xi_{0}|)-\frac{1}{\sqrt{\pi}\sigma|\xi_{0}|}e^{-\sigma^{2}\xi_{0}^{2}}\}$ . (3.17)
Erf$(z)$ $:= \frac{2}{\sqrt{\pi}}\int_{0}^{z}e^{-t^{2}}dt$. (3.18)
$\sigma c[\hat{w}](=p)$ $\sigma c^{+}[\hat{w}]$ $p=\sigma\xi_{0}$ $P$ 4




















1– $\hat{f}(0)=0$ $f\in lW$
2
(2)









$p=\sigma\xi_{0}$$-2 -1 1 2 3 4$
5: $w(t)=e^{-t^{2}/(2\sigma^{2})}e^{i\xi_{0}t}$ $\sigma\triangle^{+}[\hat{w}]($ $\sigma\triangle[\hat{w}]=\frac{1}{\sqrt{2}})$ $($ $p=\sigma\xi_{0})$





3.7 (1) $c^{+}[\hat{f]}\geq|c[\hat{f]}|.$ $=$
(Cl): $supp\hat{f}\subset[0, \infty)$ $supp\hat{f}\subset(-\infty, 0]$





$f$ $c[\hat{f]}=0$ (3.26) $\mu_{1}=\mu,$ $\mu_{2}=c[\hat{f]}$
$\triangle_{\mu}^{+}[\hat{f]}^{2}=\triangle^{+}[\hat{f]}^{2}+(\mu-c^{+}[\hat{f]})^{2}$ (3.29)
$\mu=c^{+}[f]$ $\triangle_{\mu}^{+}[f]$ $\mu$ $(\mu=c[f]$ $\triangle_{\mu}[f]$
$\mu$ )
(3) $c^{+}[\hat{T_{b}f}]=c^{+}[\hat{f]},$ $c^{+}[ \hat{D_{a}f}]=\frac{1}{a}c^{+}[\hat{f]},$
$|c^{+}[\hat{f]}-|\xi_{0}||\leq c^{+}[\overline{M_{\xi_{0}}f}]\leq c^{+}[\hat{f]}+|\xi_{0}|$ . (3.30)
$\xi_{0}=0$ $\xi_{0}\neq 0$ $=$
(C2): $(\xi_{0}>0 and supp\hat{f}\subset[0, \infty))$ $(\xi_{0}<0 and supp\hat{f}\subset(-\infty, 0])$
$=$
(C3): $(\xi_{0}>0 and supp\hat{f}\subset(-\infty, -\xi_{0}])$ $(\xi_{0}>0 and suppf\subset\sim[-\xi_{0},0])$
$(\xi_{0}<0 and supp\hat{f}\subset[|\xi_{0}|, \infty))$ $(\xi_{0}<0 and supp\hat{f}\subset[0, |\xi_{0}|])$
$|c[\hat{f]}+\xi_{0}|\leq c^{+}[\overline{M_{\xi 0}f}]$ $=$
(C4): $supp\hat{f}\subset[-\xi_{0}, \infty)$ $supp\hat{f}\subset(-\infty, -\xi_{0}]$
(4) $\triangle^{+}[\hat{T_{b}f}]=\triangle^{+}[\hat{f]},$ $\triangle^{+}[\hat{D_{a}f}]=\frac{1}{a}\triangle^{+}[\hat{f]},$
$\triangle^{+}[\hat{f]}^{2}-2(|\xi_{0}|c^{+}[\hat{f]}-\xi_{0}c[\hat{f]})\leq\triangle^{+}[\overline{M_{\xi_{0}}f}]^{2}\leq\triangle^{+}[\hat{f]}^{2}+2(|\xi_{0}|c^{+}[\hat{f]}+\xi_{0}c[\hat{f]})$ (3.31)




$(\triangle^{+}[\overline{M_{\xi_{0}}f}]^{2}\leq\triangle[\hat{f]}^{2}$ $\triangle^{+}[\overline{M_{\xi_{0}}f}]^{2}\leq\triangle[\overline{M_{\xi 0}f}]^{2}=\triangle[\hat{f]}^{2}$ )
4 $UP$ 1 $(b$ $\xi)$
$a$ $\xi$





$(W_{\psi}f)(b, a)$ $:=\langle f,$ $T_{b}D_{a} \psi\rangle=\int_{R}f(t)\frac{1}{\sqrt{a}}\overline{\psi(\frac{t-b}{a})}dt,$ $(b, a)\in R\cross R_{+}$ (4.1)
$\psi$ $f$ $W_{\psi}f$ $(b, a)$
(2) $\xi\neq 0$ $C_{\psi}( \xi):=\int_{0}^{\infty}\frac{|\hat{\psi}(a\xi)|^{2}}{a}da=\{\begin{array}{l}C_{\psi}(1) (\xi>0) \infty C_{\psi}(-1) (\xi<0)\end{array}$
$0$ $C_{\psi}(r\xi)=C_{\psi}(\xi)(r>0)$
4.2 $\psi\in L^{2}(R),$ $\psi\neq 0$ (Admissibility Condition)




$\Vert W_{\psi}f\Vert^{2},:=\int_{RxR+}|(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{2}}=C_{\psi}\Vert f\Vert^{2}$ , (4.2)
$\int_{R\cross R+}(W_{\psi}f)(b, a)\overline{(W_{\psi}g)(b,a)}db\frac{da}{a^{2}}=C_{\psi}\langle f, g\rangle$ (4.3)
4.2 $b$ $\xi$ $UP$
$b$ $\xi$ [Sing99] [WilOO]
4.3 $\psi\in L^{2}(R),$ $\psi\neq 0$ $f\in L^{2}(R),$ $f\neq 0$ $\beta\in R$
$\triangle_{\beta}^{(b)}[W_{\psi}f]:=\sqrt{\int_{R\cross R+}|b-\beta|^{2}|(W_{\psi}f)(b,a)|^{2}db\frac{da}{a^{2}}/\Vert W_{\psi}f\Vert_{\mathscr{K}}^{2}}\in[0, \infty]$ (4.4)
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$b$ $\beta$ $W_{\psi}f$
$\int_{R\cross R+}|b||(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{2}}<\infty$ (4.5)
$c^{(b)}[W_{\psi}f]:= \int_{R\cross R+}b|(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{2}}/\Vert W_{\psi}f\Vert^{2},’\in R$, (4.6)
$\triangle^{(b)}[W_{\psi}f]:=\triangle_{c^{(b}[W_{\psi}f]}^{(b)}[W_{\psi}f]\in[0, \infty]$ (4.7)
$b$ $W_{\psi}f$ $b$ $W_{\psi}f$ $\triangle_{0}^{(b)}[W_{\psi}f]<$
$\infty$ $\beta=c^{(b)}[Wf]$ $\triangle_{\beta}^{(b)}[Wf]$ $\beta$
4.4 $\psi\in L^{2}(R)$ (Adm) $f\in L^{2}(R),$ $f\neq 0$
$\triangle_{\beta}^{(b)}[W_{\psi}f]\triangle_{\mu}[\hat{f]}>\frac{1}{2}$ (4.8)
$\beta,$ $\mu\in R$










$\sqrt{\int_{R\cross R+}|a-\alpha|^{2}|(W_{\psi}f)(b,a)|^{2}db\frac{da}{a^{2}}/\Vert W_{\psi}f\Vert_{x}^{2}}$ (5.1)
5.1 $\psi\in L^{2}(R),$ $\psi\neq 0,$ $\int_{0}^{\infty}\mathcal{S}|\hat{\psi}(\pm s)|^{2}ds<\infty$ ( $\psi$
). $f_{j}\in \mathscr{S}(R),$ $f_{j}\neq 0$
$\frac{\int_{R\cross R+}|a|^{2}|(W_{\psi}f_{j})(b,a)|^{2}db\frac{da}{a^{2}}}{||W_{\psi}f_{j}\Vert^{2},\mathcal{X}}\cross\frac{\int_{R}|t|^{2}|f_{j}(t)|^{2}dt}{||f_{j}\Vert^{2}}arrow 0$
(5.2)





$( \overline{W}_{\psi}f)(a, b):=\int_{R}f(t)\overline{\psi(at-b)}dt (a, b)\in R_{+}\cross R.$
5.3 $\psi\in L^{2}(R)$ $supp\hat{\psi}\subset[0, \infty)$ $C_{\psi}(1)= \int_{0}^{\infty}\frac{|\hat{\psi}(a)|^{2}}{a}da<\infty,$












$\triangle_{\alpha}^{(a)}[W_{\psi}f]:=\sqrt{\int_{R\cross R_{+}}|\frac{1}{a}-\frac{1}{\alpha}|^{2}|(W_{\psi}f)(b,a)|^{2}db\frac{da}{a^{2}}/\Vert W_{\psi}f\Vert_{x}^{2}}\in[0, \infty]$ (5.3)
$a$ $\alpha$ $W_{\psi}f$ $\int_{R\cross R+}\frac{1}{a}|(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{2}}<$
$\infty$
$c^{(a)}[W_{\psi}f]:=( \int_{R\cross R+}\frac{1}{a}|(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{2}}/\Vert W_{\psi}f\Vert_{x}^{2})^{-1}$ (54)
$\triangle^{(a)}[W_{\psi}f]:=\triangle_{c^{(a)}[W_{\psi}f]}^{(a)}[W_{\psi}f]$ (55)
$a$ $W_{\psi}f$ $a$ $W_{\psi}f$ $\triangle_{0}^{(a)}[W_{\psi}f]<$
$\infty$ $\alpha=c^{(a)}[Wf]$ $\triangle_{\alpha}^{(a)}[W_{\psi}f]$ $\alpha$ $a$
$\frac{1}{a}$
(2) $p\in R$ $\xi\neq 0$
$C_{\psi,p}( \xi):=\int_{0}^{\infty}\frac{|\hat{\psi}(a\xi)|^{2}}{a^{p}}da\cross|\xi|^{-(p-1)}=\{\begin{array}{ll}C_{\psi,p}(1) (\xi>0) ,C_{\psi,p}(-1) (\xi<0)\end{array}$ (5.6)
$C_{\psi}(\xi)$ $\infty$ $0$ $C_{\psi}(\xi)=$





5.5 $f\in L^{2}(R),$ $f\neq 0$ $\psi\in L^{2}(R),$ $\psi\neq 0$
(1) $|\hat{\psi}(-\xi)|=|\hat{\psi}(\xi)|$ $C_{\psi,p}(1)<\infty$ $C_{\psi,p}:=C_{\psi,p}(\xi)$ $\xi$
$C_{\psi,1}<\infty,$ $C_{\psi,3}<\infty$
$\triangle_{m}[f|\triangle_{\alpha}^{(a)}[W_{\psi}f]>\{\begin{array}{ll}c_{0}\sqrt{\frac{C_{\psi 3}}{C_{\psi 1}}} (general),\frac{1}{2}\sqrt{\frac{C_{\psi 3}}{C_{\psi 1}}} if \hat{f}(0)=0\end{array}$ (5.7)
$m\in R,$ $\alpha\in R_{+}$
(2) $supp\hat{\psi}\subset[0, \infty)$ $C_{\psi,1}(1)<\infty,$ $C_{\psi,s}(1)<\infty,$ $|\hat{f}(-\xi)|=|\hat{f}(\xi)|$
(5.8)$\triangle_{m}[f|\triangle_{\alpha}^{(a)}[W_{\psi}f]>\{c_{0}\sqrt{\frac{C_{\psi3}(1)}{C_{\psi 3}(1)C_{\psi 1}(1)C_{\psi 1}(1)}}\frac{1}{2}\sqrt{\frac{}{}} if\hat{f}(0)=0(genera1),$
$m\in R,$ $\alpha\in R_{+}$
(3) $supp\hat{\psi}\subset[0, \infty)$ $C_{\psi,1}(1)<\infty,$ $C_{\psi,3}(1)<\infty,$ $supp\hat{f}\subset[0, \infty)$
$\triangle_{m}[f]\triangle_{\alpha}^{(a)}[W_{\psi}f]>\frac{1}{2}\sqrt{\frac{C_{\psi 3}(1)}{C_{\psi 1}(1)}}$ (5.9)




Fn $=\{f\in L^{2}(R^{n})||x|f,$ $|\xi|f\in\wedge L^{2}(R^{n})\}$ $($ 6.1 $)$
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$=\{f\in L^{2}(R^{n})|x_{j}f, \xi_{j}\hat{f}\in L^{2}(R^{n})(j=1, \ldots, n)\}$ (6.2)
$f\in$ Fn













$\triangle_{j}[w]\triangle_{j}[\hat{w}]\geq\frac{1}{2} (1\leq j\leq n) , |\triangle[w]||\triangle[\hat{w}]|\geq\frac{n}{2}.$
6.2 $UP$
( )




$(W_{\psi}f)(b, a):=\langle f,$ $T_{b}D_{a} \psi\rangle=\int_{R^{n}}f(t)\frac{1}{a^{n/2}}\overline{\psi(\frac{t-b}{a})}dt$ $b\in R^{n},$ $a\in R_{+}$ (6.13)
$\psi$ $f$ $W_{\psi}f$ $(b, a)$
(2) $\xi\neq 0$ $C_{\psi}( \xi):=\int_{0}^{\infty}\frac{|\hat{\psi}(a\xi)|^{2}}{a}da$ $\infty$ $0$
$C_{\psi}(r\xi)=C_{\psi}(\xi)(r>0)$
6.4 $\psi\in L^{2}(R^{n}),$ $\psi\neq 0$ (Admissibility Condition)
(Adm.) $C_{\psi}(\xi)=C_{\psi}<\infty$ $\xi\neq 0$
$f,$ $g\in L^{2}(R^{n})$
$\Vert W_{\psi}f\Vert^{2},,:=\int_{R^{n}\cross R+}|(W_{\psi}f)(b, a)|^{2}db\frac{da}{a^{n+1}}=C_{\psi}\Vert f\Vert^{2}$ , (6.14)
$\int_{R^{n}\cross R+}(W_{\psi}f)(b, a)\overline{(W_{\psi}g)(b,a)}db\frac{da}{a^{n+1}}=C_{\psi}\langle f, g\rangle$ (6.15)
6.5 $\psi\in L^{2}(R^{n}),$ $\psi\neq 0$ (Adm.) $\xi\neq 0$
$\int_{0}^{\infty}|\hat{\psi}(a\xi)|^{2}\frac{da}{a^{3}}<\infty$ $f\in L^{2}(R^{n}),$ $f\neq 0$
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